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ABSTRACT

The notion of d-property has been defined by
the authors Sankar Raj V. and Eldred A. A. P!
Inspired by it, we define three other new notions
called; LUR d-property, UR d - property, and
URED d-property. We use these notions in the
characterizations of rotund (R) spaces, locally
uniformly rotund spaces, uniformly rotund
spaces, and normed spaces that are uniformly
rotund in every direction respectively. We use
the characterizations of these rotundities to
prove the best proximity point theorems of
various contraction mappings.

Key words: d-properties, R norm, LUR norm,
UR norm, URED norm

1. INTRODUTION

The terminology strictly convex (or
rotundity) comes from the shape of the unit
sphere. Historically the first result in this
direction is due to J. A. Clarkson ™ who
proved that every separable Banach space
has an equivalent R norm. The study of
strictly convex norms, should be of great
interest in the near future. The concept of a
rotund normed linear space has been
extremely fertile. The most elementary,
well-known characterizations of a strictly
convex space can be found in C. R. James
and B! v. Smulian. ! P. M. Milicic ™
characterized rotund norm by g-angle.
Recently, Sanker Raj ™ has characterized
rotund normed space via d-property. The
concept of a locally uniformly convex norm
was introduced by A.R. Lovaglia. ' He
generalized uniform convexity and localized
this notion and then introduce LUR norm of
a Banach space. S. Troyanski ™ and

Troyanski et al, ™2 stated the first
characterization of existence of LUR
renormings. As in now evident, the notion
of LUR norm is fundamental importance for
renorming theory Molto. ™ More work
about LUR norm is given in M. Raja. ¥
Recently, Haydon [ has made an
impressive progress on the matter showing
that X is LUR renormable if X* has a dual
LUR norm. The concept of uniform
rotundity of the norm in a Banach space was
first introduced by J. A. Clarkson ™ and has
shown that for p > | the spaces L , and | , are
uniformly - convex. Uniform rotundity
signalled ~the beginning of extensive
research efforts on geometry of Banach
spaces. The work on uniformly convex
Banach spaces is due to G. Pisier ™! based
on earlier work of R.C. James, ! P. Enflo,
BT and P. M. Milicic ¥ characterizes UR
norm by g-angle. The notion of uniformly
rotund in every direction (URED) norm was
first used by A.L. Garkavi. ™! He proved
for any closed convex set C of URED space
there is at most one x € C such that

supyec |Ix=yll=inf,ccsupyccllz-Yyll

That is, for the purpose of characterizing
those spaces for which every bounded set
has at most one Cebysev center. It is also
used by him in connection with the
uniqueness of the solution of an
approximation problem. In ! it s
mentioned that a Banach X is URED if and
only if inf{d(¢, z) : || z || = 1} > O for all
€ € [0,2]. The relation among URED, UR,
LUR and R and under what conditions the
space with URED norm has a fixed point is
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mentioned in G.R. Damai and P. M.
Bajracharya. ™ It is characterized by g-
angle in P. M. Milicic. ¥ These rotundity
properties have been studied and appeared
in many literature. They play a central role
in renorming theory. In this paper, we
characterize these rotundities by their
respective d- properties. The rotund normed
space is characterized by d-property which
is significantl}y different from that given in
Sanker Raj.

SOME NOTATIONS AND
TERMINOLOGIES

In the sequel, (X, ||-]) is the real Banach
space with norm ||||; S(X) is the unit sphere
in X; (X*, ||-]I*) is the dual space of X;
S(X*) is the unit sphere of X*; B(X) is the
unit ball of X; B(X*) is the unit ball of X*.
UR, LUR, LUR d- property, R and NCC,
d(A, B) are the short forms of uniformly

rotund, locally uniform rotund, locally
uniform rotund d - property, rotund(strictly
convex), nonempty closed convex subsets
and distance between two sets A and B
respectively. All undefined terms and
notation are standard and can be found, for
example, in Deville et al. [*°!

2. SOME DEFINITIONS

Definition 2.1 Fabian et al. ) Let X be a

normed space. We say that a norm ||- || on a

Banach space is strictly convex (or rotund)

if

VX, yeX Ix[I=llyll=ll(x+y)2]=1
> XY,

Definition 2.2 Shanker Raj. ! Let A, B be
nonempty closed convex subset of a Banach
space X. Then a pair (A, B) is said to have
the d-property if and only if

V X1, X2 € A Y1, Y2 € B, [[Xg = yal| = || X2 — y2|| = dist (A, B) = [Ix1 —Xz|| = [ly1 —Y-l|.

Thus, a normed linear space X is said to have the d-property if and only if every pair (A, B) of
non- empty and closed convex subsets of X has the d-property.

Definition 2.3 Deville et al. '® and J. Diestel. ®¥1 A norm ||-|jof X is said to be locally

uniformly rotund (LUR) at x € X if

V Pk € X, Aima [xal| = [Ix]] =[x o+ x]| = 2] x| = limq | x o = x |= 0.

Definition 2.4 Let X be a Banach space and A and B be nonempty closed, and convex subsets
of X .Then a pair (A, B) is said to have LUR d-property if
X =yl =limq[[Xn—ynll=dist (A, B) = lim | x=xn[[=limq[ly—yal,

Whenever x, X, € A;y, Yy, € B forall n. Thus a normed linear space X is said to have the
LUR d-property if every pair (A, B) of subsets of X has the LUR d-property .

Definition 2.5 Fabian et al. * Let X be a normed space. We say that a norm ||-|| on a Banach

space is uniformly rotund (UR) if

V {Xn}, {yn} € X, limq [[xa[ = limy |lyll = limg[|(x vt y 0)/2][ = 1 = limq [[Xn -y ol = 0.

Definition 2.6 A pair (A, B) of nonempty closed convex subsets of a Banach space X is said

to have the UR d- property if

limp||Xn=Up|| = limy ||y n =V ||=dist(A;B) ) € limp || Xn=Ynll=limu||u,—Vval],

Whenever X ,,yn€ Aand u,, v, € B forall n e N. Thus a normed linear space X is said to
have the UR d-property if every pair (A, B) of subsets of X has the UR d-property.
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Definition 2.7 G.R. Damai and P.M. Bajracharya. ™ We say that a norm |- || a Banach
space X is said to be URED, if X,y n € S(X); limp]|(Xn +Yn)/2]| =1, Xn—-yn=2=2=0.

It is the generalization of concept of UR
norm. The geometric significance of URED
is the collection of all chords of the unit ball
that are parallel to a fixed direction and
whose lengths are bounded below by a
positive number has the property that the
midpoints of the chords lie uniformly deep
inside the unit ball. A URED Banach space
is a realm of studying minimal displacement
problems.

Definition.2.10 W.B.  Johnson, and
Lindenstrauss. ! Renorming of Banach
space consists of replacing the given norm,
which is usually provided by the very
definition of the space, by another norm
which may have better (or sometimes
worse) geometric properties of Convexity or
smoothness, or both.

Remark 2.9 UR norm gives better figure
than that of LUR norm and LUR gives
better figure than that of R norm. So UR =
LUR = R and UR =URED = R but not
conversely. There is no relation between
LUR and URED, it is verified in G.R
Damai & P.M. Bajracharya. **!

3. Characterization of the Property (R)
by d- property.

Theorem 3.1 A Banach space X is rotund if
and only if X has d-property.

Proof. Let X be a strictly convex space. We
have to show X has d-property. Let A, B be

Definition 2.8. Let X be a Banach space and
A, B are nonempty closed convex subsets of
X. Then we say that the pair (A, B) has
URED d- property, if
¥V Xn,¥Yn €A; Uy, vy eB,0£2 €A,
O£W eB:Xn—yYn=2,Up—Vp=W,
[IXn=unll=1lyn=vall=d(AB)
= |lz|] = [Iwll.

nonempty, closed, and convex subsets of X.
Suppose X1, X2 € A and yi, Y2 € B such that
X2 = Y1l = l| X2 = y2 || = dist (A, B).

We will show that || X1 =Xz || = || y» =Yz ||-

Putu=X;—Yyi1;, V=X2—VYa.

Then, lul| = vl =d (A, B).

So by definition of d (A, B),

d (A, B) <|| (xa+Xx2)/2 — (y1t+y2) 12 ||

= || (x1-y2)/2 + (x2-y2) /2]
= || u/l2+v/2 ||
<||u?2|| + ||v/2 ]|
=d (A, B)/2+d (A B)/2
=d (A, B)

~] (u+Vv)/2]| =d (A, B).

Thus u = v [ by rotundity of X]
2X17YV1=X2— Y2
=SX1—X2=Y1~ Y2,

2 xe=x2 [l = y1 = yall.

Thus, X has d-property.

Conversely, assume that X has d-property.
Thatis,V x,ye A;u,v e B ||x—u|| =
Iy = vl =d (AB) = [Ix=yI| = [lu— V]|

We have to show X is strictly convex. Let p, g € X such that ||p|| = ||q||- Then there are two
NCC subsets A, Biin Xand I, m € A; r; s € B such that

llpl[=I[1-r]=d(A B)

llall=1Im-s]|=d(A B)

dAB)<||(I1+m)/2-(r+5s)/2]|=|| (I-r)/2+(m—5s)/2||
< |1 =n)/72|| + [|(m—s)/2||
= [Ip/2]] + ||a/2]|
=d (A, B)/2 + d(A, B)/2

= d(A,B).
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= [|(1 - r)/2+(m —s)/2|| = d(A,B))

Thus N =rl|=|Im=s||=[|(1-r+m—s)/2|| = d(AB).

We have to show thatl -r =m—s.

We write,

o< t=m _ r=s 4 1 1 . qu-m+r-s|)
It—mil flr=sll” Il—=m]| |Ir—s]|

~+ X has d-property we have,

0</|(d-m)-(r-s)|| <0 and{x,}converges to the best proximity
=>||(0-m)-(r-s)||=0 point x of the map T in A.
=>(-m)-(r-s)=0

=>l-r=m-s. Theorem 3.3 Let A and B be nonempty and
Thus X is rotund. o weakly compact convex subsets of a strictly

convex Banach space such that A has
Theorem 3.2. © Let A, B be nonempty,  normal structure. Let T: A — B be a non-
closed, and convex subsets of a strictly  expansive mapping such that T(AO) < BO .
convex Banach space X and T: A— Bbea  Then T has at least one best proximity point

contraction mapping such that T(Ao) < Bo . in A, i.e., there exists x& A such that

Then there exists a unique best proximity [Ix—Tx|| =d (A, B).

point x € A such that

lIx-Tx||=d (A, B). 4. Characterization of the Property

(LUR) by LUR d- property.
Further, for each fixed xo in Ao, there isa ~ Theorem 4.1. A Banach space X is locally
sequence {X } such that uniformly rotund iff X has LUR d- property.
VNneEN,|Xn1—TXol|=d (A, B)

Proof. Assume that X has LUR norm. That is,
YUp=Xn—VYn,U=X=y € X ul[=limq|un]| =](u-+up) /2| = dist(A,B)= lim ,||(u- uy)|| = 0.

We have to show that X has d-property. Let ||x - y|| = lim, || X n — Y n|| = d(A, B).Then by
definition,
d(A,B) <limg|| (x +xn)/ 2- (y +yn) /2| = limqa [|[(X- y) 2+(Xn—yn) / 2]

< limp [Ju/ 2[| + lim, ||ug/ 2 ||

=d (A B)Y2+d (A B)2

=d (A, B)
. limy||(u+un)2|=d(A B). (1)
Thus
lull = limq || u || = lim Ju/2 +u /2 || = d (A, B).
So by LUR of X
S 0<limy[[Xn=yall-[Ix-yI[[T< X =yn-y) [I=][un—ul[=0.
= 0<limy||xn=yall-lx-ylll<0
= || X-lim,Xq || =]y—=limyya].

Hence X has LUR d-property.

Conversely, assume that X has the LUR d- property. That is
VX, Xn €AY, YnEB, || x=Yy|=limy|x n =y || =dist (A, B) = limy ||x =X ||= limy ||y n-Y ||
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We have to show that X has LUR norm.

Letp, g, pn, G nin X [[p—ql=lim p{lp o —qnll = limg || WII = dist (A, B)

We write,

0<lim,|| p.—pP -
Il p.— Pl

d. — 9
la, —all

:O’

Since (A, B) has LUR-d property.

So we have

[<lima( 1

L DAlpn-pll+llan-qll)
Ie.—pl lg,~al

S0=<Ilimy|[(pn-qn)-(P-| =0,
=0 <limg|| (Pn-qn) - (p- =0,
:>||mn(pn'qn):(p'q)'

“ VPGP Anin X flp-q[=limalipn=gall=lima || p=axp,—q, [|=dist (A B

= limy (Pn-qn)=(p-q).

Thus X has LUR norm. O

Remark 4.2 In ¥ there was introduced
p-property of a Banach space but both
d-property and p-property are same only.
Initially, we defined it as d-property. After
that, we feel that it seems to have some
parallel notion and hence we rename it as

p-property.

Theorem4.3. Let A, B, C and D be
nonempty subsets of a metric space (X, d)
such that A € C, B €D and d (AB) =
d(C,D). If (C, D) satisfies the LUR d-
property, then (A, B) also satisfies the LUR
d-property.

Proof. Let A, B, C and D be nonempty
subsets of a normed space X such that A ©
C,B D and d (AB) = d(C,D). Assume
that (C, D) satisfies the LUR d-property. We
have to prove that (A, B) satisfies the LUR
d-property. Let for any x, {y n} € A and u,
{v n} €B such that

[x-ull=limn|lyn—Vall=d(AB).

Since AcC,B cDandd (A, B) =d(C, D),
thenx; {yn} €Candu, {v,} €D.

[ x=ull =limy [y n-vall=d(C, D).

By assumption, (C, D) satisfies the LUR d-

property.
Therefore limy || X -y o || = limy |-V q ]

Thus, (A, B) satisfies the LUR d-property.o

Remark 4.4 Let X has LUR d- property.
Then X has d- property.

5. Characterization of the Property (UR)
by UR d- property.

Theorem 5.1 A Banach space X uniformly
rotund if and only if X has the UR
d- property.

Proof. Assume that X has UR norm .Thatis,Vpn=Xn—Yn,qn=Up—V,E X,

limallpall=limalfqnl[=(pn+an)/2]=dAB =limal(pa—an) [l =0.

We have to show that X has d-property. Let lim p [[X n- Un|| = limg ||y n—V ol = d (A, B).
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d (AB) <limy]| Gn +y ) 2 - (Un+ V)2l = 1im [[( - Un)l 24+(y n—V )/ 2|

<limq || p o/ 2|| +limy || g o/ 2]
=d (A B)2+d (A B)2
=d (A B)

= limy[[(pn+qn)/2||=d (A B).
Thus lim g || pall=lima [l gall=Tim,[[p /2 +qa/2][=d (A, B).

So by LUR of X = 0 <limq | X n =Y all - [un=Vall | < | Xa=Y 0= (Un-Va)lI=ll pn—0nll =0,
:‘O_Sllmnl”Xn—yn”_'llun—vn”|§0
limp||Xn-yYal[=limq|uy—va

Hence X has UR d-property.

Conversely, assume that X has the LUR d- property. ThatisV X,y n € A; Upn, V € B,

[[X o= Un|l = limg|ly n = Vv || = dist (A, B) = limy || X n =y o |[= iMg || Un—V ]|
We have to show that X has LUR norm. Letp,,qn€ X:|[pnll =1 9nl Then there are two
nonempty closed convex subsets A, B in X and X, y n € A and u,, v , € B such that

lim o [lp o || = lim X = ugl| = d(A,B)
lim o [l ol = lim q fly n — v ol| = d(A,B)

Clearly, we have lim p||(Xn—Un+Yyn—Vn)/2]|=d (A.B)

Thus

V' Xn YnUnp Vaoin X, limg[[X o =Unll = limplly n = V| = limg||(Xn - Un + Yn —Va)/2 || = d(A,B).

We write,
Ofllmn” Xop =Y -_U, —V,
” Xn - yn ” ” un _Vn ”

:O1

[| < limy, (|

Since (A, B) has LUR d - property. So we have

L D CXa-yoll +lun=vall),

” Xp = Ya ” ” u, =V, ”

=0 <limy|| (Xn-Yn)-(Un—Vn) | <0,
SHlimp || (Xn-un)-(Yn-Vva)l=0,
=limy(Xn-yn) =limyUp-vy).

< VUn, Vi, Xn, Y in X limp |X =yl = limg|| un = v o ||

=limp || x,—v,+u,-v, =d (A, B
2

ﬁllmn(Xn'yn):llmn(Un_Vn)

Thus X has LUR norm. O

Theorem 5.2. Let A, B, C and D be
nonempty subsets of a metric space (X, d)
such that Ac C,B <D and d(A,B) = d(C,D).
If (C, D) satisfies the LUR d-property, then
(A, B) also satisfies the LUR d-property.

This theorem can be proved analogously as
in Theorem 4.2.

As a consequence of UR-d property is used
to prove the following theorem.

Theorem 5.3. ?? Let A and B be nonempty
closed convex subsets of a uniformly
convex Banach space. Suppose f: AUB —
A UB is a cyclic contraction, that is, f(A) <
B and f(B) € A and there exists k € (0, 1)
such that

d(f(x), f(y) ) <k d(x, y)( 1 - k) d(A,B) for
everyx e A;y €B.

Then there exists a unique best proximity
point in A. Further, for each x € A; {x.}
converges to the best proximity point.
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6. Characterization of the Property
(UCED) by URED d- property.

Theorem 6.1 A Banach space X has URED
norm if and only if, it has URED d-
property.

Suppose that

Proof. Let X has URED norm. We have to
show that X has URED d-property. Let A
and B be any nonempty closed convex
subsets of X.

Xn,Yn€eAandun,Vv,eB,0£z€A 0#W eB Xy —-yn=17
Un—Vp=wand ||X n—Up|| = lim ||y n — Vv || = d(A,B):

We will show that ||z|| = ||w]|
Putppn=Xp—uUnpandqn=Yyn-Vn
Then, by assumption ||p ol = ||a ol = d (A, B).

d(AB) <[l(xn+yn)2-(Un+Va)2|| = [|(xn-Un)/2 + (yn—vn)/2]

=|lp /2 +q /2|

<[l pn/2|| + [lq /2|
=d (A, B)/2 + d(A, B)/2
=d (A B)

_:> limy|lpn+qgn/2|| =d (A, B)
=P dn €X;[Ipall = lgnll = limgl|(p o + g n)/2]| = d(A,B),

limy(pn-gqn)=r=z-w)=r=0,

We write 0 < | [[z]| -|| w| | <[z —wl| =Ir]|= 0= [lz]| = [Iwl|

Thus (A, B) has the URED d-property. Since
A, B c X are arbitrary nonempty closed con-
vex subsets, X has the URED d-property.
The converse part of this theorem is proved
analogously by using Theorems 5.1. o

As consequence of URED d- property we
prove the following theorem;

Theorem 6.2. M [ et X be a Banach
space with a URED norm. Let C be a
weakly compact convex subset of X and
assume that T: C — C is a non expansive
mapping. That is, |[T(x) - T(y) || < [Ix — ]|
for every x, ye C. Then there exists Xo in C.
such that T(Xo) = Xp.

It has been shown by V. Zizler.
(Proposition 14) that X can be renormed so
as to be URED if there is a continuous one-
to-one linear map T of X into a space Y that
is UCED.Thus by Theorem 6.1, X can be
renormed by URED d- property.

[25]

CONCLUSION

In this paper, the new geometrical properties
called LUR d-property, UR d-property and
URED d-property which characterize LUR,
UR and URED normed spaces are
introduced. So, these notions are very

interesting and important to study because it
throws light on the geometric properties of a
Banach spaces. They are used in uniqueness
and existence of best proximity point for
various contraction mappings on the frame
of these spaces. Eventually by using these d-
properties we renorm many Banach spaces
by them that are renormed by LUR, UR and
URED norms.
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